We calculate the equation of state in 2+1 flavor QCD at finite temperature with physical strange quark mass and almost physical light quark masses using lattices with temporal extent Nτ = 8. Calculations have been performed with two different improved staggered fermion actions, the asqtad and p4 actions. Overall, we find good agreement between results obtained with these two O(a 2 ) improved staggered fermion discretization schemes. A comparison with earlier calculations on coarser lattices is performed to quantify systematic errors in current studies of the equation of state. We also present results for observables that are sensitive to deconfining and chiral aspects of the QCD transition on Nτ = 6 and 8 lattices. We find that deconfinement and chiral symmetry restoration happen in the same narrow temperature interval. In an Appendix we present a simple parametrization of the equation of state that can easily be used in hydrodynamic model calculations. In this parametrization we also incorporated an estimate of current uncertainties in the lattice calculations which arise from cutoff and quark mass effects. We estimate these systematic effects to be about 10 MeV.
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I. INTRODUCTION
Determining the equation of state (EoS) of hot, strongly interacting matter is one of the major challenges of strong interaction physics. The QCD EoS provides a fundamental characterization of finite temperature QCD and is a critical input to the hydrodynamic modeling of the expansion of dense matter formed in heavy ion collisions. In particular, the interpretation of recent results from RHIC on jet quenching, hydrodynamic flow, and charmonium production [1] rely on an accurate determination of the energy density and pressure as well as an understanding of both the deconfinement and chiral transitions.
For vanishing chemical potential, which is appropriate for experiments at RHIC and LHC, lattice calculations of the EoS [2] [3] [4] as well as the transition temperature [5] [6] [7] can be performed with an almost realistic quark mass spectrum. In addition, calculations at different values of the lattice cutoff allow for a systematic analysis of discretization errors and will soon lead to a controlled continuum extrapolation of the EoS with physical quark masses.
Studies of QCD thermodynamics are most advanced in lattice regularization schemes that use staggered fermions. In this case, improved actions have been developed that eliminate O(a 2 ) discretization errors efficiently in the calculation of bulk thermodynamic observables at high temperature as well as at nonvanishing chemical potential [8, 9] . At finite temperature, these cutoff effects are controlled by the temporal extent N τ of the lattice as this fixes the cutoff in units of the temperature, aT = 1/N τ . At tree level, which is relevant for the approach to the infinite temperature limit, the asqtad [10, 11] and p4 [8, 12] discretization schemes have been found to give rise to only small deviations from the asymptotic ideal gas limit already on lattices with temporal extent N τ = 6. By N τ = 8, the deviations from the continuum Stefan-Boltzmann value are at the 1% level [8] . At moderate values of the temperature, one expects that genuine nonperturbative effects will contribute to the cutoff dependence and, moreover, as the relevant degrees of freedom change from partonic at high temperature to hadronic at low temperature, other cutoff effects may become important. Most notably in the case of staggered fermions is the explicit breaking of staggered flavor (taste) symmetry that leads to O(a 2 ) distortion of the hadron spectrum and will influence the thermodynamics in the confined phase.
To judge the importance of different effects that contribute to the cutoff dependence of thermodynamic observables, we have performed calculations with two different staggered fermion actions which deal with these systematic effects in different ways. The asqtad and p4 actions combined with a Symanzik improved gauge action eliminate O((aT )
2 ) errors in thermodynamic observables at tree level. The asqtad action goes beyond tree-level improvement through the introduction of nonperturbatively determined tadpole coefficients [3] . In the gauge part of the action, this also means that in addition to the planar six link loop the nonplanar 'parallelogram' has been introduced. Furthermore, both actions use so-called fat links to reduce the influence of taste symmetry breaking terms inherent in staggered discretization schemes at nonzero values of the lattice spacing. The asqtad and p4 schemes also differ in the way fat-links are introduced. In the asqtad action, fat link coefficients have been adjusted so that tree-level coupling to all hard gluons has been suppressed without introducing further O(a 2 ) errors. The p4 action, on the other hand, only uses a simple three-link staple for fattening.
In this paper, we report on detailed calculations of the thermodynamics of strongly interacting elementary particles performed in lattice-regularized QCD with a physical value of the strange quark mass and with two degenerate light quark masses being one tenth of the strange quark mass. To study the quark mass dependence of the thermodynamic quantities, we have also performed calculations at a larger value of the light quark mass corresponding to one fifth of the strange quark mass. Combining with past results on QCD thermodynamics at vanishing as well as nonvanishing values of the chemical potential on lattices with larger lattice spacing allows for an analysis of cutoff effects within both discretization schemes. In fact, a major obstacle to quantifying cutoff effects in studies of the QCD equation of state is that they arise from different sources which are strongly temperature dependent, and their relative importance changes with temperature. This makes it difficult to deal with them in a unique way and make a direct comparison between results obtained within different discretization schemes. It is, therefore, very important to understand and control systematic errors reliably.
In the next section, we start with a discussion of the basic setup for the calculation of the equation of state using the O(a 2 ) improved asqtad and p4 actions. We proceed with a presentation of results for the trace anomaly that characterizes deviations from the conformal limit, in which the energy density (ǫ) equals three times the pressure (p). In Sec. III, we give results on several bulk thermodynamic observables that can be derived from the trace anomaly (ǫ − 3p)/T 4 using standard thermodynamic relations. In Sec. IV, we analyze the temperature dependence of quark number susceptibilities, chiral condensates and the Polyakov loop expectation value and discuss in terms of them deconfining and symmetry restoring features of the QCD transition. We give our conclusions in Sec. V. Furthermore, we give a coherent discussion of calculations of the QCD equation of state with the asqtad and p4 actions in Appendix A. Appendix B summarizes results for renormalization constants needed to calculate the renormalized Polyakov loop expectation value with the asqtad action. In Appendix C we provide a parametrization for the equation of state suitable for application to hydrodynamic modeling of heavy ion collisions. All numerical results needed to calculate the bulk thermodynamic observables presented in this paper are given in Appendix D.
gauge coupling β = 6/g 2 has been discussed in these previous publications. It is, however, cumbersome to collect from the earlier publications all the information needed to follow the discussion given here, as the calculational set-up and the specific observables that need to be evaluated differ somewhat between the tadpole improved asqtad action [3] and the tree level improved p4 action [4] . In Appendix A we, therefore, give a coherent discussion of the various calculations performed with the asqtad and p4 actions, summarize the necessary theoretical background provided previously in the literature and unify the different notations and normalizations used in the past by different groups working with different staggered discretization schemes. In Appendix D, we give details of the simulation parameters and the statistics collected in each of these calculations.
Most of the finite temperature calculations presented here have been performed on lattices of size 32 3 × 8 using the RHMC algorithm [13] . We combine these results with earlier calculations at N τ = 6. For the asqtad action we use both previous results using the inexact R algorithm [3] and new RHMC calculations on lattices of size 32 3 × 6, while the p4 results have all been obtained using the RHMC algorithm. For each finite temperature calculation that entered our analysis of the equation of state, a corresponding 'zero temperature' calculation has been performed, mostly on lattices of size 32 4 , at the same value of the gauge coupling and for the same set of bare quark mass values, i.e., at the same value of the cutoff.
Following earlier calculations, we use a strange quark mass that is close to its physical value and two degenerate light quark masses that are chosen to be one tenth of the strange quark mass. This choice for the light quark masses corresponds to a light pseudo-scalar Goldstone mass of about 220 MeV 1 . All calculations have been performed on a line of constant physics (LCP), i.e., as the temperature is increased the bare quark masses have been adjusted such that the values of hadron masses in physical units, evaluated at zero temperature, stay approximately constant. In practice, the LCP has been determined through the calculation of strange (m K or ms s ) and nonstrange (m π ) meson masses in units of scales r n that characterize the shape of the static quark potential,
A major concern when comparing calculations performed with two different discretizations of the QCD action is quantifying systematic errors. A natural way to make such a comparison is to simulate the two actions with a choice of parameters that give the same cutoff when expressed in physical units. The most extensive calculations done by us with the two actions are of the parametersr n ≡ r n /a that define the shape of the heavy quark potential. We therefore determine the cutoff scale and define a common temperature scale in units of r n , i.e., r n T ≡ r n /aN τ . Note that for the comparison of results obtained with different actions, an accurate value of r n in physical units (1/MeV) is not necessary as only r n T is needed.
The ratio r 0 /r 1 has been determined in the two discretization schemes consistently, as shown by the results r 0 /r 1 = 1.4636(60) (p4 [4] ) and 1.474(7)(18) (asqtad [14] ). We emphasize that these determinations of temperature scale based on parametersr 0 andr 1 were performed prior to the current combined analysis of thermodynamics with both the asqtad and p4 actions. Furthermore, this was done in completely independent calculations using data analysis strategies and fitting routines that have also been developed independently within the MILC [3] and RBC-Bielefeld [4] collaborations.
To determine scales r 0 and r 1 in physical units (MeV) we have related them to properties of the bottomonium spectrum. As our final input, we use the value r 0 = 0.469(7) fm determined from the Υ(2S − 1S) splitting [15, 16] in calculations with the asqtad action. The same calculations show that the lattice scales from r 0 and r 1 are consistent with calculations of the pion and kaon decay constants as well as mass splittings between light hadronic states after extrapolations to the continuum limit and physical quark masses and agree with experimental results within errors of 3%. Note that all these observables, sometimes called gold-plated observables [17] , have been calculated within the same discretization scheme at identical values of the cutoff as used in the finite temperature studies reported here. This consistency gives us confidence in using scales extracted from the heavy quark potential for both extrapolating results to the continuum limit and for converting them to physical units. The scale r 0 T is shown on top of the figures.
In Table I , we summarize the masses that characterize the LCP used for calculations with the p4 and asqtad actions. We find that the lines of constant physics are similar in both calculations, but differ in details. In particular, the strange pseudo-scalar mass on the LCP used for calculations with the asqtad action is 15% larger than the one used in the calculation with the p4-action. As the LCPs for asqtad and p4 actions had been fixed prior to this work in calculations on coarser lattices, we found it reasonable to stay with this convention rather than re-adjusting the choice of LCPs for this work. This makes the comparison of cutoff effects within a given discretization scheme easier. The difference in LCPs, however, should be kept in mind when comparing results obtained with different actions.
The statistics and details of the data needed to calculate the basic thermodynamic quantity, the trace anomaly, are summarized in Appendix D.
B. The trace anomaly
Along the LCP, i.e., for quark masses that are constant in physical units, and for sufficiently large volumes, temperature is the only intensive parameter controlling the thermodynamics. Consequently, in our calculations there is only one independent bulk thermodynamic observable that needs to be calculated. All other thermodynamic quantities are then obtained as appropriate derivatives of the QCD partition functions with respect to the temperature and by using standard thermodynamic relations.
The quantity most convenient to calculate on the lattice is the trace anomaly in units of the fourth power of the temperature Θ µµ /T 4 . This is given by the derivative of p/T 4 with respect to the temperature.
Since the pressure is given by the logarithm of the partition function, p/T = V −1 ln Z, the calculation of the trace anomaly requires the evaluation of straightforward expectation values.
Using Eq. (2), the pressure is obtained by integrating Θ µµ /T 5 over the temperature,
Here T 0 is an arbitrary temperature value that is usually chosen in the low temperature regime where the pressure and other thermodynamical quantities are suppressed exponentially by Boltzmann factors associated with the lightest hadronic states, i.e., the pions. We find it expedient to extrapolate to T 0 ≡ 0, in which limit p/T 4 0 ≡ 0. Energy (ǫ) and entropy (s = ǫ + p) densities are then obtained by combining results for p/T 4 and (ǫ − 3p)/T 4 . To calculate basic thermodynamic quantities such as energy density ǫ, pressure p, and the trace anomaly, one needs to know several lattice β-functions along the LCP at T = 0 on which our calculations have been performed. We determine these β-functions using the same parametrizations for the LCP as in the analysis of the EoS on lattices with temporal extent N τ = 6 [3, 4] . Also, the determination of these β-functions in the nonperturbative regime is carried out on the same set of zero temperature lattices used to set the temperature scale. Further details are given in Appendix A.
In Fig. 1 , we show results for Θ µµ /T 4 obtained with both the asqtad and p4 actions. The new N τ = 8 results have been obtained on lattices of size 32 3 × 8 and the additional zero temperature calculations, needed to carry out the necessary vacuum subtractions, have been performed on 32 4 lattices. The N τ = 6 results for the p4 action shown for comparison are taken from [4] . For the asqtad action, new N τ = 6 RHMC results obtained on 32 3 × 6 lattices are shown using full symbols while earlier results obtained on 12 3 × 6 lattices with the R algorithm [3] are shown using open symbols.
We find that the results with asqtad and p4 formulations are in good agreement. In particular, both actions yield consistent results in the low temperature range, in which Θ µµ /T 4 rises rapidly, and at high temperature, T > ∼ 300 MeV. This is also the case for the cutoff dependence in these two regimes. At intermediate temperatures, The upper x-axis shows the temperature scale in units of the scale parameter r0 which has been determined in studies of the static quark potential. The lower x-axis gives the temperature in units of MeV, which has been obtained using for r0 the value determined from the level splitting of bottomonium states, r0 = 0.469 fm [16] . The right hand figure shows the region around the maximum of (ǫ − 3p)/T 4 , which also is the temperature region where results obtained with the two different discretization schemes show the largest differences. Open symbols for the Nτ = 6, asqtad data set denote data obtained with the R algorithm. All other data have been obtained with an RHMC algorithm. 200 MeV < ∼ T < ∼ 300 MeV, the two actions show differences ( Fig. 1(right) ). The maximum in Θ µµ /T 4 is shallower for the asqtad action and shows a smaller cutoff dependence than results obtained with the p4 action.
As (ǫ − 3p)/T 4 is the basic input for the calculation of all other bulk thermodynamic observables, we discuss its structure in more detail in the following subsections.
The crossover region
In Fig. 2 , we show results for the trace anomaly for both actions at T < 300 MeV (about 1.5 times the transition temperature 2 ) and for N τ = 6 and 8 lattices. In the region T ≤ 170 MeV, the curves shown are exponential fits. Above T = 170 MeV, we divide the data into several intervals and perform quadratic interpolations. In each interval, these quadratic fits have been adjusted to match the value and slope at the boundary with the previous interval. These interpolating curves are then used to calculate the pressure and other thermodynamic quantities using Eqs. (2) and (3) .
The differences between the N τ = 6 and 8 data in the transition region can well be accounted for by a shift of the N τ = 6 data by about 5 MeV towards smaller temperatures. This reflects the cutoff dependence of the transition temperature and may also subsume residual cutoff dependencies of the zero temperature observables used to determine the temperature scale in the transition region. As will become clearer later, we find a cutoff dependence of similar magnitude in other observables.
Such a global shift of scale for the N τ = 6 data set also compensates for part of the cutoff dependence seen at higher temperatures. It thus is natural to expect that cutoff effects in (ǫ − 3p)/T 4 change sign at a temperature close to the peak in this quantity, which occurs at a temperature T > ∼ 200 MeV. In the vicinity of this peak, we find the largest difference between results obtained with the two actions. The cutoff dependence in (ǫ − 3p)/T 4 with the p4 action is about twice as large as with the asqtad action, and the peak height is about 15% smaller with the asqtad action than with the p4 action.
It is of interest to compare how well the thermodynamics of the low temperature phase can be characterized by a resonance gas model. In the low temperature region, the hadron resonance gas has been observed [18] to give a good description of bulk thermodynamics. It also is quite successful in characterizing the thermal conditions met in heavy ion collisions at the chemical freeze-out temperature, i.e., at the temperature at which hadrons again form in the dense medium created in such collisions. In Fig. 3 , we compare the results for (ǫ − 3p)/T 4 to predictions of the hadron resonance gas model [18] ,
where different particle species of mass m i have degeneracy factors d i and η i = −1(+1) for bosons (fermions). The particle masses have been taken from the particle data book [19] . Data in Fig. 3 show the HRG model results including resonances up to m max = 1.5 GeV (lower curve) and 2.5 GeV (upper curve). We find that the N τ = 8 results are closer to the resonance gas model result and there is a tendency for the difference between the HRG model and lattice results to increase with decreasing temperature. This is not too surprising since the light meson sector is not well reproduced in current simulations. To quantify to what extent this reflects deviations from a simple resonance gas model 3 or can be attributed to the violation of taste symmetry and/or the still too heavy Goldstone pion in our current analysis needs to be analyzed in more detail in the future. Qualitatively, the effects of staggered taste symmetry breaking and heavier quarks are to underestimate the energy density and pressure.
High temperature region
At high temperatures (ǫ − 3p)/T 4 will eventually approach zero in proportion to g 4 (T ) ∼ 1/ ln 2 (T /Λ) [21] . In the data shown in Fig. 4 for the temperature range accessible in our present analysis, i.e., T < ∼ 3.5T c , the variation of (ǫ − 3p)/T 4 with temperature is, however, significantly stronger. Following the analysis performed in [4] , we have fit the p4 data at T > 250 MeV to the ansatz
where the first term gives the leading order perturbative result and the other terms parametrize nonperturbative corrections as inverse powers of T 2 . We find that the N τ = 8 data do not extend to high enough temperatures to The trace anomaly at low temperatures calculated with the asqtad and p4 actions on lattices with temporal extent Nτ = 6 and 8. Open symbols for the Nτ = 6, asqtad data set denote data obtained with the R algorithm. All other data have been obtained with an RHMC algorithm. Solid lines show interpolation curves for the p4 action discussed in the text. The dashed and dashed-dotted curves give the trace anomaly calculated in a hadron resonance gas model with two different cuts for the maximal mass, mmax = 1.5 GeV (dashed-dotted) and 2.5 GeV (dashed). . In addition to fit results for Nτ = 8, we also reanalyzed the Nτ = 6 data of [4] setting the constant term in the ansatz to zero (g 2 ≡ 0) and display again the fit result for the Nτ = 4 data given also in [4] . The 4th and 7th columns give χ 2 per degree of freedom in the respective fit intervals.
control the first term in the ansatz given in Eq. (5). We thus performed fits to the p4 data sets with g 2 ≡ 0 and the resulting fit 4 parameters are summarized in Table II . We find that these parameters are stable under variation of the fit range and show no significant cutoff dependence between N τ = 6 and 8 data. The fits for T ≥ 300 MeV (Table II) are shown in Fig. 4 together with the data obtained in the high temperature region. In our calculations with the asqtad action, we did not cover this high temperature regime with a sufficient number of data points to perform independent fits. However, in Appendix C we use a modified version of Eq. 5 to parametrize the equation of state for both p4 and asqtad for use in hydrodynamic codes. It is evident from Table II .
nonvanishing quark masses, the trace anomaly receives contributions Θ µµ F that are proportional to the quark mass and contain the quark condensates, and contributions Θ µµ G that do not vanish in the chiral limit, i.e., from the gluon condensate,
with Θ µµ G,F defined in Eqs. (A17) and (A18) in Appendix A (for more details see [4] ). In Fig. 5 , we show separately the two contributions Θ µµ G /T 4 and Θ µµ F /T 4 . As seen already for Θ µµ /T 4 cutoff effects are generally smaller for the asqtad action than for the p4 action. By comparing our results obtained on lattices with temporal extent N τ = 6 and 8, we estimate the overall cutoff dependence of Θ µµ /T 4 in the vicinity of its maximum to be about 15% in calculations with the p4 action and only half that size in calculations with the asqtad action.
While for the latter action only the gluonic term Θ µµ G /T 4 shows some differences between the N τ = 6 and 8 calculations, in the p4 case the cutoff effects mainly arise from the fermionic contribution Θ µµ F /T 4 . Although they are large in this quantity, the quark condensates contribute less than 15% to the total trace anomaly. This contribution reduces to about 5% at T ≃ 400 MeV. We therefore conclude that at all values of the temperature, the trace anomaly is strongly dominated by the gluon condensate contribution which, in turn, receives contributions from the quark sector through interactions.
As pointed out in [4] , the cutoff dependence in Θ µµ F /T 4 , seen for the p4 action, mainly arises from the structure of the nonperturbative β-functions that characterize the variation of bare quark masses along the LCP, i.e., R m . This function appears as a multiplicative factor in the fermion contribution defined in Eq. (A17) and approaches unity in the continuum limit. The influence of nonperturbative contributions to this prefactor thus is shifted to smaller temperatures as the lattice spacing is reduced, i.e., N τ is increased, thereby reducing the cutoff dependence of Θ 4 is dominated by the contribution of the zero temperature strange quark condensate and the strange quark mass. The light quark contribution is suppressed by a factor m l /m s and the thermal contributions are small, relative to the vacuum contributions, due to the disappearance of spontaneous symmetry at these temperatures. The difference in the p4 and asqtad results for Θ µµ F /T 4 thus can be traced back to the differences in the parametrization of the LCPs used in calculations with these two different actions. As pointed out in Sec. II.A, the strange pseudo-scalar ms s is about 15% heavier on the asqtad LCP than on the p4 LCP. Through the GMOR relation, this is related to a larger value of the product m s ψ ψ s,0 . The difference seen in Fig. 5 , however, drops out in the relative contribution of light and strange quark condensates to Θ µµ F /T 4 . In Fig. 6 we show the ratio
It is evident from this figure that results for Θ F,l /Θ F,s agree quite well in calculations performed with the asqtad and p4 actions, respectively. This ratio shows much less cutoff dependence than the light and strange quark contributions separately. This is particularly evident in the case of the p4 action and supports the observation made before, that the cutoff dependence seen in that case mainly arise from the function R m . This prefactor drops out in the ratio Θ F,l /Θ F,s . As expected, the contribution of the light quark condensates is suppressed relative to the strange quark contribution because both terms are explicitly proportional to the light and strange quark masses, respectively. However, the naive expectation, Θ F,l /Θ F,s ≤ 2m l /m s only holds true for T > ∼ 300 MeV, i.e., for temperatures larger than 1.5 times the transition temperature. In the transition region, the contribution arising from the light quark sector reaches about 50% of the strange quark contribution.
To summarize, we find that a straightforward O(a 2 ) extrapolation of the trace anomaly to the continuum limit is not yet appropriate because the cutoff dependence arises from different sources which need to be controlled. Nonetheless, current N τ = 8 data show that estimates for Θ µµ /T 4 in the temperature regime [200 MeV, 300 MeV] overestimate the continuum value by not more than 15% and less than 5% for T > 300 MeV. Furthermore, our analysis of the quark contribution to the trace anomaly suggests that this contribution is most sensitive to a proper determination of the LCP that corresponds to physical quark mass values in the continuum limit. Our results suggest that it will be possible to control the cutoff effects in the entire high temperature regime T > ∼ 200 MeV through calculations on lattices with temporal extent N τ = 12. 
III. THERMODYNAMICS: PRESSURE, ENERGY AND ENTROPY DENSITY, VELOCITY OF SOUND
We calculate the pressure and energy density from the trace anomaly using Eqs. (2) and (3) . To obtain the pressure from Eq. (3), we need to fix the starting point for the integration. In the past, this has been done by choosing a low temperature value (T 0 ≃ 100 MeV) where the pressure is assumed to be sufficiently small to be set equal to zero due to the exponential Boltzmann suppression of the states. One could also use the hadron resonance gas value for the pressure at T 0 = 100 MeV as the starting point for the integration. The two HRG model fits in Fig. 3 show that at this temperature the pressure is insensitive to the exact value of the cutoff m max . We have used both approaches as well as linear interpolations between the temperatures at which we calculated Θ µµ /T 4 to estimate systematic errors arising in the calculation of the pressure. The actual results for p/T 4 and other thermodynamic observables shown in the following have been obtained by starting at T 0 = 0, where we set p = 0, and integrating the fits to Θ µµ /T 4 shown in Figs. 2 and 3. Differences arising from choosing T 0 ≃ 100 MeV or using linear interpolations are small and are included in our estimate of systematic errors. In Fig. 7 , we show our final results for ǫ/T 4 and 3p/T 4 obtained in this way. We reemphasize that Θ µµ /T 4 is what we calculate at a number of temperature values along the LCP on the lattice, and all other quantities are obtained by using fits to this data and then exploiting thermodynamic relations.
Choosing T 0 = 100 MeV for the starting point of the integration, and adding the resonance gas pressure at this temperature to the lattice results gives a global shift of the pressure (3p/T 4 ) and energy density (ǫ/T 4 ) curves by 0.8. This is indicated by the filled box in the upper right hand part of Fig. 7 . Differences in the results that arise from the different integration schemes used to calculate the pressure are of similar magnitude. Typical error bars indicating the magnitude of this systematic error on 3p/T 4 are shown in the right hand Fig. 7 at T = 275 MeV and T = 540 MeV. In this figure, we also compare results obtained on the N τ = 8 lattices with the p4 and asqtad actions. The agreement between the two data sets is good in the entire temperature range that is common. This is a consequence of the good agreement for the trace anomaly, from which ǫ/T 4 and p/T 4 are derived. The same discussion applies to the entropy density, s/T 3 = (ǫ + p)/T 4 , shown in Fig. 8 which is obtained by combining the results for energy density and pressure. The comparison of bulk thermodynamic observables (p, ǫ, s) calculated on N τ = 8 lattices yields a consistent picture for the p4 and asqtad actions. To quantify systematic differences, we consider the combination where O 1 (O 2 ) are estimates with the p4 (asqtad) action. We find that the relative difference in the pressure ∆p for temperatures above the crossover region, T > ∼ 200 MeV, is less than 5%. This is also the case for energy and entropy density for T > ∼ 230 MeV with the maximal relative difference increasing to 10% at T ≃ 200 MeV. This is a consequence of the difference in the height of the peak in (ǫ − 3p)/T 4 as shown in Fig. 1 . Estimates of systematic differences in the low temperature regime are less reliable as all observables become small rapidly. Nonetheless, the relative differences obtained using the interpolating curves shown in Figs. 7 and 8 are less than 15% for T > ∼ 150 MeV. We also find that the cutoff errors between aT = 1/6 and 1/8 lattices are similar for the p4 action, i.e., about 15% at low temperatures and 5% for T > ∼ 200 MeV. For calculations with the asqtad action, statistically significant cutoff dependence is seen only in the difference (ǫ − 3p)/T 4 . We conclude that cutoff effects in p/T 4 , ǫ/T 4 and s/T 3 are under control in the high temperature regime T > ∼ 200 MeV. Estimates of the continuum limit obtained by extrapolating data from N τ = 6 and 8 lattices differ from the values on N τ = 8 lattices by at most 5%. These results imply that residual O(a 2 g 2 ) errors are small with both p4 and asqtad actions.
We note that at high temperatures the results for the pressure presented here are by 20% to 25% larger than those reported in [2] . These latter results have been obtained on lattices with temporal extent N τ = 4 and 6 using the stout-link action. As this action is not O(a 2 ) improved, large cutoff effects show up at high temperatures. This is well known to happen in the infinite temperature ideal gas limit, where the cutoff corrections can be calculated analytically. For the stout-link action on the coarse N τ = 4 and 6 lattices the lattice Stefan-Boltzmann limits are a factor 1.75 and 1.51 higher than the continuum value. In Ref. [2] it has been attempted to correct for these large cutoff effects by dividing the numerical simulation results at finite temperatures by these factors obtained in the infinite temperature limit. As is known from studies in pure SU (N ) gauge theories [21] , this tends to over-estimate the actual cutoff dependence.
Finally, we discuss the calculation of the velocity of sound from the basic bulk thermodynamic observables discussed above. The basic quantity is the ratio of pressure and energy density p/ǫ shown in Fig. 9 , which is obtained from the ratio of the interpolating curves for (ǫ − 3p)/T 4 and p/T 4 . On comparing results from N τ = 6 and 8 lattices with the p4 action, we note that a decrease in the maximal value of (ǫ − 3p)/T 4 with N τ results in a weaker temperature dependence of p/ǫ at the dip (corresponding to the peak in the trace anomaly), somewhat larger values in the transition region and a slower rise with temperature after the dip.
From the interpolating curves, it is also straightforward to derive the velocity of sound,
Again, note that the velocity of sound is not an independent quantity but is fixed by the results for Θ µµ /T 4 . The determination of c 2 s is sensitive to the details of the interpolation used to fit the data for Θ µµ /T 4 obtained at a discrete set of temperature values. In fact, it was this sensitivity that motivated us to use a smooth curve with a continuous first derivative for the interpolation of Θ µµ /T 4 in the entire temperature range. We consider the spread in the curves obtained from the p4 and asqtad calculations as indicative of the uncertainty in the current determination of the velocity of sound from the QCD equation of state (see also Appendix C).
IV. DECONFINEMENT AND CHIRAL SYMMETRY RESTORATION
In the previous sections, we discussed the thermodynamics of QCD with almost physical values of the quark masses. Data in Figs. 7 and 8 show that the transition from low to high temperatures occurs in a narrow temperature range: T ∈ [180 MeV, 200 MeV]. This represents a crossover and not a true phase transition caused by a singularity (nonanalyticity) in the QCD partition function. We expect such a singularity to exist in the chiral limit. For QCD with a physical value of the strange quark mass, it is not yet settled whether a true phase transition occurs only at strictly zero light quark masses (m l ≡ m crit = 0) or at small but nonzero value (m l ≡ m crit > 0). In the latter case, the second order phase transition will belong to the universality class of a three dimensional Ising model, while in the former case, it is expected to belong to the universality class of three dimensional, O(4) symmetric spin models 5 . For light quark masses m l ≤ m crit different observables that are defined through derivatives of the QCD partition function with respect to either the light quark mass or a temperature-like variable will give unambiguous signals for the occurrence and location of the phase transition. For m l > m crit , in the absence of a singularity, the determination of a pseudo-critical temperature that characterizes the crossover may depend on the observable used for its determination. It then becomes a quantitative question as to what extent different observables remain sensitive to the singular part of the free energy density f sing that controls thermodynamics in the vicinity of the phase transition temperature at m crit . We write the free energy as ) calculated on lattices with temporal extent Nτ = 6 (p4, [4] ) and Nτ = 8 using the p4 as well as the asqtad action. Lines without data points give the square of the velocity of sound calculated analytically from Eq. (9) using the interpolating curves for ǫ/T 4 and p/T 4 . The dashed-dotted line at low temperatures gives the result for p/ǫ from a hadron resonance gas (HRG) calculation using mmax = 2.5 GeV.
with the reduced mass and temperature variables,
Note that in the definition of the reduced temperature t, its dependence on the light quark chemical potential µ l in the vicinity of the critical point (t,m) ≡ (0, 0) was taken into account 6 . To leading order, the reduced temperature depends quadratically on µ l , while it is linear in the temperature itself.
Derivatives of the free energy with respect to quark masses define the light and strange quark chiral condensates,
while derivatives with respect to temperature give the bulk thermodynamic quantities discussed in the previous sections. Here m l refers to one of the degenerate light up or down quark masses and the condensates defined in Eq. (12) are one-flavor condensates. The derivative of the chiral condensate with respect to the quark mass defines the chiral susceptibilities χ m,q ∼ ∂ 2 ln Z/∂m 2 q . The divergence of χ m,q at T c in the chiral limit is an unambiguous signal of the chiral phase transition. In addition, the fluctuations of Goldstone modes also induce divergences in the chiral limit for T ≤ T c [22] . Thus χ m,q in the chiral limit is finite only for T > T c .
In the vicinity of T c , where thermodynamics is dominated by the singular part of the partition function, n derivatives with respect to temperature T are equivalent to 2n derivatives with respect to the light quark chemical potential. Second derivatives with respect to light and strange quark chemical potentials define quark number susceptibilities,
Also
One therefore expects the quark number susceptibilities to exhibit a temperature dependence similar to that found for the energy density and the fourth order cumulant c 4 ∼ ∂ 4 ln Z/∂(µ q /T ) 4 to behave like a specific heat c V [20] . Also, the position of the peak in the fourth order cumulant is sensitive to the crossover region seen, for example, in the temperature dependence of ǫ/T 4 . Atm = 0, the temperature dependence of all the observables discussed above is sensitive to the location of T c . Near T c , their temperature dependence reflects the singular structure of the partition function,
where α, β, γ are critical exponents of the relevant universality class and A ± are proportionality constants that may differ below and above T c . The specific heat, and thus c 4 , diverge at a generic second order phase transition, for example those in the Ising universality class, whereas these quantities only develop a pronounced peak in O(N ) symmetric models for which the critical exponent α exhibits unconventional behavior and is negative.
In the following subsections, we will focus on the temperature dependence of the chiral condensate and the quark number susceptibilities (Eq. (14)), which in the chiral limit probe the chiral symmetry restoring and deconfining features of the QCD phase transition. In particular, we will discuss the extent to which the temperature dependence of these quantities remains correlated away fromm = 0.
A. Deconfinement
The bulk thermodynamic observables p/T 4 , ǫ/T 4 , and s/T 3 discussed in the previous sections are sensitive to the change from hadronic to quark-gluon degrees of freedom that occur during the QCD transition; they thus reflect the deconfining features of this transition. The rapid increase of the energy density, for instance, reflects the liberation of light quark degrees of freedom; the energy density increases from values close to that of a pion gas to almost the value of an ideal gas of massless quarks and gluons. In a similar vein, the temperature dependence of quark number susceptibilities gives information on thermal fluctuations of the degrees of freedom that carry a net number of light or strange quarks, i.e., χ q ∼ N 2 q , with N q denoting the net number of quarks carrying the charge q. Quark number susceptibilities change rapidly in the transition region as the carriers of charge, strangeness or baryon number are heavy hadrons at low temperatures but much lighter quarks at high temperatures. In the continuum and infinite temperature limit, these susceptibilities approach the value for an ideal massless one flavor quark gas, i.e., lim T →∞ χ q /T 2 = 1. At low temperatures, however, they reflect the fluctuations of hadrons carrying net light quark (up or down) or strangeness quantum numbers. In the zero temperature limit, χ s /T 2 receives contributions only from the lightest hadronic state that carries strangeness, χ s /T 2 ∼ exp(−m K /T ), while χ l /T 2 is sensitive to pions, χ l /T 2 ∼ exp(−m π /T ). Note that χ l /T 2 is directly sensitive to the singular structure of the QCD partition function in the chiral limit.
In Fig. 10 , we show results for the temperature dependence of the light and strange quark number susceptibilities. For the O(a 2 ) improved p4 and asqtad actions, deviations from the continuum result are already small in calculations on lattices with temporal extent N τ = 8. The continuum ideal gas value, χ q /T 2 = 1, is thus a good guide for the expected behavior of χ l /T 2 in the high temperature limit. As can be seen from the figure, cutoff effects are indeed small at high temperature. In fact, we observe that above the transition, in particular for temperatures up to about 1.5 times the transition temperature, differences between results obtained with the asqtad and p4 actions are larger than the cutoff effects seen for each of these actions separately. This is similar to what has been found in calculations of the energy density discussed in the previous section.
The rise of χ l /T 2 in the transition region is compatible with the rapid rise of the energy density. The strange quark number susceptibility, on the other hand, rises more slowly in the transition region. The astonishingly strong correlation between energy density and light quark number susceptibility is evident from the ratio ǫ/(T 2 χ l ) shown in Fig. 11(left) . The ratio ǫ/(T 2 χ l ) varies in the transition region by about 15%. This is in contrast to the ratio ǫ/(T 2 χ s ) which starts to increase with decreasing temperature already at T ≃ 250 MeV and rises by about 50% in the transition region. In fact, unlike ǫ/(T 2 χ l ), the ratio ǫ/(T 2 χ s ) will diverge in the zero temperature limit as χ s goes to zero faster than ǫ since it is not sensitive to the light quark degrees of freedom that contribute to the energy density. This lack of sensitivity of χ s /T 2 to the singular structure of the QCD partition function suggests that χ s /T 2 is not a good quantity to use to define the pseudo-critical temperature. The difference in light and strange quark masses plays an important role in the overall magnitude of quark number fluctuations up to almost twice the transition temperature. This is seen in Fig. 11(right) , where we show the ratio χ s /χ l . At T > ∼ 300 MeV the ratio χ s /χ l comes close to the infinite temperature ideal gas value χ s /χ l = 1. Deviations from this may be understood as a thermal effect that arises even in a noninteracting gas from just the differences in quark masses. However, as has been discussed in [20] , this clearly is not possible in the transition region, 200 MeV < ∼ T < ∼ 300 MeV where, upon cooling, strangeness fluctuations decrease strongly relative to light quark fluctuations as T decreases. At the transition temperature, χ s /χ l is only about 1/2 and has the tendency to go over smoothly into values extracted from the HRG model. In the low temperature hadronic region, the ratio χ s /χ l drops exponentially as strangeness fluctuations are predominantly carried by heavy kaons whereas the light quark fluctuations are carried by light pions.
B. Chiral symmetry restoration
In the limit of vanishing quark masses, the chiral condensate ψ ψ l introduced in Eq. (12) is an order parameter for spontaneous symmetry breaking; it stays nonzero at low temperature and vanishes above a critical temperature T c . Chiral symmetry is broken spontaneously for T < T c .
At zero quark mass, the chiral condensate needs to be renormalized only multiplicatively. At nonzero values of the quark mass, an additional renormalization is necessary to eliminate singularities that are proportional to m q /a
2 . An appropriate observable that takes care of the additive renormalizations is obtained by subtracting a fraction, proportional to m l /m s , of the strange quark condensate from the light quark condensate. To remove the multiplicative renormalization factor we divide this difference at finite temperature by the corresponding zero temperature difference, calculated at the same value of the lattice cutoff, i.e.,
This observable has a sensible chiral limit and is an order parameter for chiral symmetry breaking. It is unity at low temperatures and vanishes at T c for m l = 0. For the quark mass values used in our study of bulk thermodynamics, i.e., m l = 0.1m s , its temperature dependence is shown in Fig. 12 . It is evident that ∆ l,s (T ) varies rapidly in the same temperature range as the bulk thermodynamic observables and the light quark number susceptibility. Based on this agreement we conclude that the onset of liberation of light quark and gluon degrees of freedom (deconfinement) and chiral symmetry restoration occur in the same temperature range in QCD with almost physical values of the quark masses, i.e., in a region of the QCD phase diagram where the transition is not a true phase transition but rather a rapid crossover. Cutoff effects in the chiral condensate as well as in bulk thermodynamic observables are visible when comparing calculations performed with a given action at two different values of the lattice cutoff, e.g., N τ = 6 and 8. These cutoff effects can to a large extent be absorbed in a common shift of the temperature scale. This is easily seen by comparing the left and right panels in Fig. 12 . A global shift of the temperature scale used for the N τ = 6 data sets by 5 MeV for the p4 and by 7 MeV for the asqtad action makes the N τ = 6 and 8 data sets coincide almost perfectly. This is similar in magnitude to the cutoff dependence observed in (ǫ − 3p)/T 4 and again seems to reflect the cutoff dependence of the transition temperature as well as residual cutoff dependencies of the zero temperature observables used to determine the temperature scale.
As can be seen from Fig. 12(right) , even after the shift of temperature scales the chiral condensates calculated with asqtad and p4 actions show significant differences. This reflects cutoff effects arising from the use of different discretization schemes and to some extent is also due to the somewhat different physical quark mass values on the LCPs for the asqtad and p4 actions. The differences are most significant at low temperatures where the lattice spacing is quite large. Here, cutoff effects that arise from the explicit breaking of flavor symmetry in the staggered fermion formulations may become important. At temperatures larger than the crossover temperature, the chiral condensate obtained from calculations with the asqtad action is systematically larger than that obtained with the p4 action. This is consistent with the fact that the quark masses used on the asqtad LCP are somewhat larger than those on the p4 LCP.
We note that at finite temperatures the chiral condensate as well as ∆ l,s (T ) are quite sensitive to the quark mass. In the chiral symmetry broken phase, in both cases the leading order quark mass correction is proportional to the square root of the light quark mass [22] . Small differences in the actual quark mass values used in p4 and asqtad calculations on lattices with temporal extent N τ = 6 and 8 will thus be enhanced in the transition region. This makes it important to have good control of the line of constant physics. We will discuss the quark mass dependence of the chiral condensate and quark number susceptibilities as well as the cutoff dependence of pseudo-critical temperatures extracted from them in more detail in a forthcoming publication [23] . 
C. The Polyakov loop
The logarithm of the Polyakov loop is related to the change in free energy induced by a static quark source. It is a genuine order parameter for deconfinement only for the pure gauge theory, i.e., all quark masses taken to infinity. At finite quark masses it is nonzero at all values of the temperature but changes rapidly at the transition. The Polyakov loop operator is not present in the QCD action but can be added to it as an external source. Its expectation value is then given by the derivative of the logarithm of the modified partition function with respect to the corresponding coupling, evaluated at zero coupling. As far as we know, the Polyakov loop is not directly sensitive to the singular structure of the partition function in the chiral limit. Therefore, its susceptibility will not diverge atm = 0 nor is its slope in the transition region related to any of the critical exponents of the chiral transition. Nonetheless, the Polyakov loop is observed to vary rapidly in the transition region indicating that the screening of static quarks suddenly becomes more effective. This in turn leads to a reduction of the free energy of static quarks in the high temperature phase of QCD.
The Polyakov loop needs to be renormalized in order to eliminate self-energy contributions to the static quark free energy. For the p4 action, this renormalization factor is obtained from the renormalization of the heavy quark potential as outlined in Ref. [4] . In calculations with the asqtad action, we apply the same renormalization procedure and details of this calculation are given in Appendix B. The results for the renormalized operator for both actions are shown in Fig. 13 . Similar to other observables discussed in this paper, we also observe for the Polyakov loop expectation value that results obtained on lattices with temporal extent N τ = 6 are shifted relative to data obtained on the N τ = 8 lattices by about 5 MeV. The renormalized Polyakov loop rises significantly in the transition region. The change in slope, however, occurs in a rather broad temperature interval. Similar to the strange quark number susceptibility the Polyakov loop does not seem to be well suited for a quantitative characterization of the QCD transition, as it is not directly related to any derivatives of the singular part of the QCD partition function. In fact, even in the chiral limit we do not expect that L ren or its susceptibility will show pronounced critical behavior.
V. CONCLUSIONS
We have presented new results on the equation of state of QCD with a strange quark mass chosen close to its physical value and two degenerate light quarks with one tenth of the strange quark mass. A comparison of calculations performed with the p4 and asqtad staggered fermion discretization schemes shows that both actions lead to a consistent picture for the temperature dependence of bulk thermodynamic observables as well as other observables that characterize deconfining and chiral symmetry restoring aspects of QCD thermodynamics. The calculations performed on lattices with temporal extent N τ = 8 suggest that the deconfinement of light partonic degrees of freedom, which is reflected in the rapid change of the energy density as well as the light quark number susceptibility, goes along with a sudden drop in the chiral condensates, indicating the melting of the chiral condensate. These findings confirm earlier results obtained within these two discretization schemes.
A comparison of results obtained with the asqtad and p4 actions for two different values of the cutoff, aT = 1/6 and 1/8, suggests that cutoff effects in both discretization schemes are at most a few percent for temperatures larger than 300 MeV. In the vicinity of the peak in the trace anomaly, cutoff effects are still about 15% in calculations with the p4 action and at most half that size for the asqtad action. Also, at low temperatures both actions give consistent results. Here, however, further studies with lighter quarks on finer lattices are needed to get better control over cutoff effects that distorted the hadron spectrum and might influence the thermodynamics in the chiral symmetry broken phase.
We find that different observables give a consistent characterization of the transition region, 180 MeV < ∼ T < ∼ 200 MeV. A comparison of results obtained on lattices with temporal extent N τ = 6 and 8 shows that with decreasing lattice spacing the transition region shifts by about 5-7 MeV towards smaller values of the temperature. Assuming that cutoff effect are indeed O(a 2 ) for our current simulation parameters, one may expect a shift of similar magnitude when extrapolating to the continuum limit. Preliminary studies of the quark mass dependence of the transition region [24] suggest that a shift of similar magnitude is to be expected when the ratio of light to strange quark masses is further reduced to its physical value, m s /m q ≃ 25. A more detailed analysis of the transition region, its quark mass and cutoff dependence, will be discussed in a forthcoming publication [23] .
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APPENDIX A: EOS WITH IMPROVED STAGGERED FERMION ACTIONS
In this appendix we review and collect details of the p4 [8] and asqtad [11] staggered improved actions to present a unified framework for the description of thermodynamic calculations presented in this paper.
The asqtad and p4 actions
The QCD partition function on a lattice of size N 3 σ N τ is written as
where U x,µ ∈ SU (3) denotes the gauge link variables, and
is the Euclidean action. We define the tadpole coefficient u 0 as u 0 = P
1/4 0
where P is the 1 × 1 Wilson loop called the plaquette and defined below in Eq. (A6). After integration over the fermion fields the QCD action is written as the sum of a purely gluonic contribution, S G , and the fermionic contribution, S F , involving only the gauge fields
Here the factors 1/2 and 1/4 arise from taking the square root and the fourth root of the staggered fermion determinant to represent the contribution of 2 degenerate light flavors and the single strange flavor to the QCD partition function [25] . We show the explicit lattice-coordinate components of the Dirac operator (fermion matrix) and write it in terms of its diagonal and off-diagonal contributions,
We also introduce the shorthand notation
In Eqs. (A2) to (A4) we made explicit the dependence on β, i.e. in addition to the explicit multiplicative β-dependence in front of S G the actions also depend on β through the tadpole factor u 0 .
The general form of the gluonic part of the action as it is used in the asqtad and p4 actions is given in terms of a 4-link plaquette term (pl), a planar 6-link rectangle (rt) and a twisted 6-link loop (pg),
with µ, ν, σ ∈ 1, 2, 3, 4 and P µν , R µν and C µνσ denote the normalized trace of products of gauge field variables U x,µ :
whereμ is the unit vector in µ-direction. The p4 action only contains the first two terms, while the asqtad action contains all three terms with β-dependent couplings. The set of couplings for both actions is given in Table III . We note here a difference in convention that exists between the asqtad and p4 actions. In the asqtad action, the full constant factor in front of the plaquette term is defined to be β. In the continuum limit, its relation to the gauge coupling g 2 is β = 10/g 2 . In the p4 action, the convention of the standard Wilson plaquette action has been kept, β = 6/g 2 . For this reason the plaquette term contains an extra factor β pl = 5/3. Also note that the pure gauge part of the asqtad action reduces to that of the p4 action for u 0 = 1.
The fermionic part of the action has been improved by introducing higher order difference schemes (one-link and three-link terms) to discretize the derivative in the kinetic part of the action [26] ,
Here η µ (i) denotes the staggered phase factor. The coefficients c 1 , c 3 and c 12 for p4 and asqtad actions are also given in Table III . The overall normalization is such that in the limit β → ∞ we recover the naive continuum action for Dirac fermions. In both actions, so-called fat links (U fat ) have been introduced in the 1-link terms; i.e., in addition to the straight 1-link parallel transporter U x,µ that connects adjacent sites (x, x +μ), additional longer paths have been added. In the case of the p4 action, this is a simple three-link path, called the staple, going around an elementary plaquette. The coefficients of the 1-link term and the staple are β-independent and equal to 1/(1+6ω) and ω/(1+6ω), respectively. We used ω = 0.2 [27] . The asqtad fat-link contains additional non-planar 5-link and 7-link paths to remove completely the effect of flavor symmetry breaking to order (g Finally, we point out that the conventions for the asqtad fermion matrix given in [28] differ from those introduced in Eqs. (A4) and (A7) by an overall factor two. Thus, all couplings given in [11] need to be divided by a factor two to match the expressions given here.
β-functions
In this work, we consider the thermodynamics of (2 + 1)-flavor QCD along a line of constant physics (LCP). The LCP is fixed by choosing two degenerate light (m l ) and a heavier (strange) quark mass (m s ) as functions of the gauge coupling β, i.e.m l,s ≡m l,s (β), such that physical observables, e.g. a set of hadron masses, calculated at T = 0 at the same value of the cutoff as used at finite temperature, stay constant. In calculations with the asqtad as well with the p4 action, it turns out that a LCP is well characterized by specifyingm l (β) and keeping the ratiom l /m s fixed. Explicit parametrizations form l (β) have been given for the asqtad [3] and p4 [4] actions form l /m s = 0.1 in the parameter range relevant for the thermodynamic calculations discussed here.
The basic observable we need to calculate is the trace anomaly, ǫ − 3p, introduced in Eq. (2) . To do so, we need to relate temperature changes to changes of the gauge coupling. These are controlled by the β-function,
The β-function can be determined by analyzing the β-dependence of a physical observable expressed in lattice units. We use here distance scales r n extracted from the heavy quark potential as introduced in Eq. (1). Explicit parametrizations forr 0 (β) (p4-action) andr 1 (β) (asqtad action) have been given in [4] and [3] , respectively. Using the explicit parametrizations forr n andm l we can determine the β-function R β and the mass renormalization function R m ,
In the case of the asqtad action one more function plays a central role in the derivation of general expressions for thermodynamic quantities. This is the tadpole coefficient u 0 (β) which enters the definition of the asqtad action. It is given in terms of the plaquette expectation value at zero temperature, u 0 = P 1/4 0 , where P denotes the product of gauge field variables defined on an elementary plaquette of the 4-dimensional lattice. It is introduced in Eq. (A6). As discussed previously, the p4 action contains only tree-level improved terms without tadpole improvement. In order to keep the following formulas valid for both actions, we insert u 0 ≡ 1 as a trivial constant in the p4 action.
Since u 0 depends on β for the asqtad action, we also need it's derivative with respect to β,
This is obtained from the polynomial parametrization used for interpolating the value of the tadpole factor in the asqtad action,
with b = β − 6.60, a 0 = 0.86158, a 1 = 0.0426043, a 2 = −0.0254633, a 3 = 0.0261288, a 4 = −0.0116944, a 5 = −0.0417343, and a 6 = 0.0436528. This parametrization is suitable for the β-range covered by the calculations presented in this work. In the weak coupling limit R u ∼ β −1 .
Thermodynamics
Having established the notation, we now present expressions for basic thermodynamic quantities calculated with the asqtad and p4 actions.
The light and strange quark condensates calculated at finite (x = τ ) and zero (x = 0) temperature are
Here N x , with x = 0, τ denotes the temporal extent of zero and finite temperature lattices, and N σ is the size in the spatial directions. The action densities are then given by
and similarly for S G and S F . We introduce a short-hand notation for differences of expectation values of intensive observables calculated at finite and zero temperature as
The trace anomaly is then given by
and Eq. (A15) can be rewritten as
with Θ µµ F (T )/T 4 denoting the contribution from the renormalization group invariant contribution of light and strange quark condensates,
and Θ µµ G (T )/T 4 including all the remaining terms that would survive the chiral limit (m l,s → 0),
Here s G denotes the contribution of the gluonic action density and R and C denote the expectation values of 6-link Wilson loops introduced in Eq. (A6). The functions β ′ rt and β ′ pg are given in Table III . We have explicitly separated contributions proportional to the derivative of the tadpole coefficient, R u . As R u ≡ 0 for the tree level improved p4 action, these terms contribute only in calculations with the asqtad action, where they help to reduce the cutoff dependence of thermodynamic observables at nonzero lattice spacing.
In Appendix D we also use the obvious short hand notation for light and strange fermion contributions, Θ
APPENDIX B: POLYAKOV LOOP RENORMALIZATION FOR THE ASQTAD ACTION
To renormalize the Polyakov loop we use an approach similar to the one of Ref. [4] : we renormalize the static quark potential and extract the self-energy of a static quark. At a given lattice spacing the latter is simply a constant shift of the potential which we denote C(β). As a matching condition we have chosen the same one as for the p4 action: the renormalized potential is set equal to the string potential V string (r) = −π/12r + σr at distance r = 1.5r 0 . We first fit the static potential measured from the ratios of the correlators of Wilson lines in the Coulomb gauge to the ansatz:
with V 0 , σ, r 0 being the fit parameters, and then apply the conditions:
This gives
The results for C(β) are collected in Table IV . The renormalization of the Polyakov loop amounts to removing the self-energy contribution
where we defined
for convenience. In Fig. 14 , Z(β) data is shown together with the fit to a quadratic polynomial. The error band is estimated with a bootstrap analysis.
APPENDIX C: PARAMETRIZING THE EQUATION OF STATE FOR HYDRODYNAMICS
Here we present a simple functional form for generating the equation of state that can be readily applied to most hydrodynamic models of heavy ion collisions. The equation of state is an essential input for solving the hydrodynamic equations of motion, but as explained in Section II B, some form of interpolation of the interaction measure is required to generate the equation of state from the lattice data. However, small fluctuations in the equation of state can be magnified through the time evolution in the hydrodynamic models and can lead to anomalous effects in the final state. Furthermore, it is preferable for the equation of state to transition smoothly to the EoS of the hadronic resonance gas that is imposed when the models freeze-out to produce final state hadrons. Most hydrodynamic models use a simplified version of the equation of state that incorporates a hadronic resonance gas EoS below the transition. Near and above the transition some models approximates the crossover EoS calculated on the lattice [29] [30] [31] , but it is more common for hydro models to rely on a bag model equation of state with a first order phase transition [32] [33] [34] . , to lattice data merged with the hadron resonance gas calculation (mres < 2.5 GeV) over the region 100 < T < 130 MeV (double-dot dashed), and to the lattice data shifted to lower temperature by 10 MeV (dashed).
To remedy this gap between theory and phenomenology we fit the lattice calculation of the trace anomaly for both p4 and asqtad actions to the simple functional form given by Eq. (C1).
This form uses a modified hyperbolic tangent to describe the transition region and retains the high temperature region ansatz of Eq. (5). For the p4 action, the high temperature parameters are set to the values obtained in Section II B 2 for the range T > 0.25 GeV. We repeat this procedure for the asqtad action, but with the fourth order term d 4 set to zero due to the lack of high temperature measurements to constrain it. The high temperature parameters are then fixed as the full function of Eq. (C1) is fit to the lattice data or to some combination of lattice data and hadronic resonance gas. In this way we prevent any deficiencies in the description of the transition and peak region from biasing the high temperature behavior, although variations at low temperature will produce offsets in the pressure and energy density at high temperature. To match to the HRG EoS we adopt a procedure that is similar to systematic error analysis of Section III in which the HRG was used establish the starting value for the integration of the pressure at 100 MeV. However, to achieve a gradual transition we incorporate the HRG calculation for m res < 2.5 GeV over a range of temperatures 100 < T < 130 MeV. HRG values for the trace anomaly are sampled every 5 MeV and assigned an error of 0.1 to produce weights that are comparable to the low temperature lattice data. Fig. 15 shows the result of fitting Eq. (C1) to the p4 and asqtad N τ trace anomaly (solid lines). The trace anomaly for the resonance gas is also plotted (double dotted), along with fits to the both p4 and asqtad data that are combined with the HRG for 100 < T < 130 MeV. As an additional test of this parametrization, we also fit to the lattice data shifted to lower temperature by 10 MeV (open symbols). Based on the comparison to N τ = 6 shown in Fig. 3 , we expect that the continuum extrapolation will lead to shifts that are no greater than this amount. These fits follow the same prescription: the high temperature component is fit first and these parameters are fixed for the full minimization (dashed lines). The parameters for all fits are listed in Tab. V. As is readily seen in Fig. 15 and the χ 2 /ndf reported for the lattice fits in Tab. V, this functional form provides only an approximation to the full lattice calculation, but one that will be shown to be within the systematic errors for the equation of state. As statistical and systematic errors are reduced in future calculations, the parametrization of Eq. (C1) is easily modified to include additional terms, including the high temperature perturbative terms. The shift by 10 MeV has the predictable effect of lowering the c 1 parameter by a similar amount. Including the HRG points affects mainly the exponential slope term c 2 leading to a slight reduction of the peak.
The energy density and pressure are calculated by numerically integrating the trace anomaly fits according to Eq. (3). For these parametrizations the integration is started at 50 MeV. Because these parametrizations of the trace anomaly have their minima in this region, the pressure and energy density are not sensitive to the exact location of the starting temperature. We note, however, that Eq. (15) rises rapidly as the temperature is further reduced, and is not suitable for extrapolating to temperatures less than 50 MeV, well below the freeze-out temperature for all hydrodynamic calculations for relativistic heavy ion collisions. Figure 16 shows the energy density and pressure curves for all fits compared to the systematic error calculations that were described in Section III. These parametrized curves do not differ appreciably from the p4 and asqtad results shown in Fig. 7 , except that the asqtad equation of state has been extrapolated beyond the highest temperature data point at ∼400 MeV. Fits to the HRG merged to asqtad data lead to small increases in the pressure but they are within the systematic errors associated with the interpolation, shown as shaded boxes. They shaded boxes were drawn as narrow error bars in Fig. 7 that were centered on the p4 interpolation pressure curves. The HRG+p4 merged and 10 MeV shifted data fits lie slightly above this systematic, but fall below the systematic error associated with using the HRG value for the pressure to begin the integration at T = 100 MeV, as plotted here as shaded band in the energy density. This error bar was shown as a shaded box at high temperature in Fig. 7 . The agreement between the p4 and asqtad results at the highest temperature provides some confidence in using the high temperature parametrization to extrapolate the asqtad result up to 550 MeV. At this temperature, all parametrizations are below the Stefan-Boltzmann limit.
The square of the velocity of sound is shown in Fig. 17 , as given by Eq. (9) . Differences between the fits are mainly evident at lower temperatures. The parametrizations for p4 and asqtad uniformly approach but do not attain the ideal gas limit shown for the HRG calculations with first order phase transition. The latter is typical for many of the hydrodynamic calculations that are represented in the literature. The EoS employed by the publicly available Viscous Hydro 2D+1 code (VH2) [30] comes close to the set of lattice curves but falls somewhat below these new lattice results at higher temperatures.
APPENDIX D: SUMMARY OF EXPECTATION VALUES NEEDED TO CALCULATE THE TRACE ANOMALY
The various expectation values needed to evaluate the trace anomaly are summarized in Tables VI and VII for the  p4 action and in Tables VIII to XIII for T Fermion expectation values for the asqtad action contributing to the Nτ = 6 equation of state. The last three columns give the contributions of asqtad gauge and fermion observables to the interaction measure. Where a matching T = 0 point was not simulated, the entry is omitted.
